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(Dated: August 20, 2019)
We have recently employed periodic Anderson model with electron-phonon interactions to de-
scribe Cerium volume collapse (γ → α transition) under pressure. To describe the volume collapse
transition in Cerium, we have tried to plot the pressure versus volume curves and see when a kink
structure emerges. One way to obtain the pressure versus volume curve is to calculate the total
energy of the system at different temperatures. In order to solve the periodic Anderson model with
electron-phonon interactions, we have used the continuous time quantum Monte Carlo algorithm
by integrating out the phonons to obtain a retarded electron-electron interaction. Monte Carlo
simulation results give us the model’s electronic Green function and self energy, from which we can
calculate the system’s total energy. A well known formula for calculating total energy through the
knowledge of electron’s self energy and Green function is derived from the model’s Hamiltonian,
which is not available for our case. Here, we have devised a new method to derive the total energy
formula purely from a path integral description of the system, without resort to its Hamiltonian
formulation. Since not all systems can be described by a Hamiltonian, thus our method has a wider
applicability. It is noteworthy that the total energy formula that we derived here takes an identical
form with that obtained from a model’s Hamiltonian.
I. INTRODUCTION
Recently, we employ periodic Anderson model with
electron-phonon interactions to study the behavior of
4f electrons in Cerium to gain further understanding
about the volume collapse that Cerium experiences at
high pressure[1]. We have introduced electron-phonon
interactions to the periodic Anderson model to capture
the influence of lattice dynamics upon the Cerium volume
collapse. It is argued that the Cerium volume collapse
should be due to the emergence of a first order phase
transition. A good method to characterize this first or-
der phase transition is to obtain pressure versus volume
curves at different temperatures and see when the pres-
sure versus volume curve develops a kink[2]. We can
calculate the pressure by taking partial derivative of free
energy with respect to volume, whereas free energy can
be calculated once we have obtained energy as a function
of temperature[3]. Thus, a central issue we encountered
is to calculate the total energy for the periodic Ander-
son model with electron-phonon interactions. It is well
know that once we have a model’s self energy and Green
function, we can calculate its total energy via this for-
mula(see, for example, Ref. [4]):
E =
1
β
∑
iωn
∑
k,σ
ǫkGk,σ(iωn) (1)
+
1
β
∑
iωn
∑
k,σ
Σk,σ(iωn)Gk,σ(iωn),
where ǫk is electron’s dispersion relation in a lattice,
Σk,σ(iωn) is electron’s self energy, and Gk,σ(iωn) is elec-
tron’s Green function, with ωn = (2n+ 1)π/β being the
Matsubara frequency. This formula is a natural corollary
of equation of motion for electron’s Green function, which
can be conveniently derived once we have the model’s
Hamiltonian. However, not all physical systems are sus-
ceptible to a Hamiltonian formulation, and a notable
family of such systems are the ones that are derived from
the principle of least action[5]. It is universally known
that the quantum analogue of the principle of least ac-
tion is Feynman’s path integral method. Therefore, for
the systems that can only be properly described by a path
integral, the validity of Eq. [1] which is derived with the
implicit assumption for the existence of a Hamiltonian is
at stake, and a justification or refutation of that formula
is on its way.
For our case, in order to solve the periodic Anderson
model with electron-phonon interactions, i.e., obtain the
electron’s Green function and self energy, we have em-
ployed the diagrammatic Monte Carlo method as detailed
in Ref. [6], where the authors have integrated out the
phonons to obtain a time-retarded electron-electron in-
teraction. Once the phonons have been integrated out,
we are left with an effective action, from which no explicit
Hamiltonian can be obtained. Because a Hamiltonian is
directly related with the total energy of a system, it be-
comes tricky to calculate a system’s total energy without
an explicit Hamiltonian formulation. It it however note-
worthy that not all systems with retarded interactions
are bereft of a Hamiltonian formulation, see, for exam-
ple, Ref. [7], where the authors can still obtain the total
energy of a system with retarded interactions using op-
erator method due to the availability of a Hamiltonian
formulation for their system. In our case for which no
explicit Hamiltonian formulation is available, we are go-
ing to devise a new method to calculate the total energy
using effective action, rather than Hamiltonian, as our
starting point. We will show that the formula (Eq. [1])
for calculating the total energy which was originally de-
rived from the Hamiltonian is still applicable here when
the system can only be described by an effective action,
2although the mathematical details for the formula deriva-
tion are completely different.
The problem of dealing quantum mechanically with a
system that is derived from the principle of least action
is encountered by Feynman, who designed the path inte-
gral approach to quantum mechanics just to address such
an issue[5, 8, 9]. By integrating out the phonons in our
model, we also encounter a similar situation, where we
are left with an effective system with no Hamiltonian for-
mulation. In order to derive the total energy formula for
such a system, we need to employ the Schwinger-Dyson
equation method, which furnishes us with an equation
motion for Green function which is purely derived from
path integrals. Once we have the equation of motion for
electron’s Green function, we can easily calculate the to-
tal energy of the system. Therefore, the central topic of
this paper is the equation of motion for Green function,
which we shall derive using several different methods.
The equivalence of these methods is also a major topic
of this paper.
The organization of the paper is as follows. In sec-
tion II, we will show the equivalence of Schwinger-Dyson
equation method and the operator method in the deriva-
tion of equations of motion in a toy model that neverthe-
less captures the essence of electron-phonon interactions.
In this section, we will derive the equation of motion
using three methods: the operator method, the path in-
tegral method with phonons present and the path inte-
gral method with phonons integrated out. All of these
methods yield identical results. Having established the
validity of Schwinger-Dyson equation method in this toy
model, we will continue to show in section III that we
can derive the equation of motion, and thus the total en-
ergy, of periodic Anderson model with electron-phonon
interactions (PAM + phonons). Since we have used the
continuous time quantum Monte Carlo algorithm to sim-
ulate PAM + phonons model, and during the Monte
Carlo simulation process it is advantageous to integrate
out phonons to obtain an effective model that contains
retarded electron-electron interactions, we thus need to
calculate the total energy of a system without an explicit
Hamiltonian formulation. It is this situation that com-
pels us to develop the Schwinger-Dyson equation [10, 11]
method to derive the equation of motion as described in
this paper. Finally, we make a conclusion in section IV.
In the appendix, we give more details about how to in-
tegrate out phonons in periodic Anderson with electron-
phonon interactions.
II. SCHWINGER-DYSON EQUATION METHOD
TO DERIVE EQUATION OF MOTION FOR A
SIMPLIFIED HOLSTEIN MODEL
In this section, we are going to present the derivation
of the equation of motion for Green function in a sim-
plified Holstein model using three different methods: the
operator method, the path integral method with phonons
present, and the path integral method with phonons
integrated out. The operator method, although most
straightforward, is restricted to the case where we have
a Hamiltonian formulation of the system, a formulation
that is not always available. We will next show that we
can get the same results as that from operator method
using path integral formulation. Once we have formu-
lated our system using path integrals, we can integrate
out the phonons and obtain an effective action that only
involves electrons. We shall demonstrate that the equa-
tion of motion of the electron’s Green function, and thus
the total energy of the system, remains invariant regard-
less whether the phonons are retained or integrated out.
In the Continuous time quantum Monte Carlo simulation
process, it is advantageous to integrate out the phonons
and obtain a retarded potential between electrons. The
results obtained in this section indicate that we can use
the same equation to calculate the total energy even if
the phonons are integrated out and a Hamiltonian for-
mulation of the system is unavailable. It is noteworthy
that the Schwinger-Dyson equation method applies to
any model that admits a path integral formulation, espe-
cially models with electron-phonon interactions.
A. Model description
Our toy model can be described by this Hamiltonian:
Hˆ = ǫcˆ†cˆ+ ωaˆ†aˆ+ gcˆ†cˆ(aˆ+ aˆ†) (2)
This model contains one spinless electron with energy ǫ,
one dispersionless phonon with energy ω, and an inter-
action term between the electron and the phonon. The
partition function for this Hamiltonian is
Z = Tre−βHˆ (3)
=
∫
D[c¯, c]D[a¯, a]e−S,
where the action of the system is[12]
S =
∫ β
0
dτ
(
c¯(∂τ + ǫ)c+ a¯(∂τ + ω)a+ gc¯c(a+ a¯)
)
(4)
Since the complex variables a¯, a are quadratic in the ex-
ponent, we can perform the Gaussian integral in a closed
form as
Z = Z0Zeff (5)
=
1
1− e−βω
∫
D[c¯, c]e−Seff ,
where the effective action Seff is
3Seff =
∫ β
0
dτ c¯(τ)(∂τ + ǫ)c(τ) +
g2
2
∫∫
dτdτ ′ c¯(τ)c(τ)D0(τ − τ
′, ω)c¯(τ ′)c(τ ′) (6)
In the above equation for Seff , we have defined the bare
phonon propagator:
D0(τ, ω) = −
eω|τ |
eβω − 1
−
e−ω|τ |
1− e−βω
,−β < τ < β (7)
Electron’s Green function for Hamiltonian that does not
depend on τ explicitly is defined as (using operator no-
tation)
G(τ ′ − τ) = −〈T cˆ(τ ′)cˆ†(τ)〉 (8)
It can be also be equivalently defined as (using path in-
tegral formulation)
G(τ ′ − τ) = −
1
Z
∫
D[c¯, c]D[a¯, a]c(τ ′)c¯(τ)e−S (9)
Now we are going to derive the equation of motion for
the electron’s Green function using both operator nota-
tion and path integral formulation, and show that these
methods yield identical result.
B. Operator method to derive equation of motion
for Green function
Derivation of the equation of motion for Green func-
tion using operator notation method is pretty straight-
forward. We only need to apply time derivative operator
∂
∂τ to Equ. [8] and obtain this result:
∂G(τ ′, τ)
∂τ ′
= −δ(τ ′ − τ) + ǫ〈T cˆ(τ ′)cˆ†(τ)〉 + g〈T cˆ(τ ′)φˆ(τ ′)cˆ†(τ)〉 (10)
That is,
(∂τ ′ + ǫ)G(τ
′, τ) = −δ(τ ′ − τ) + g〈T cˆ(τ ′)φˆ(τ ′)cˆ†(τ)〉 (11)
Here, we have introduced the phonon displacement oper-
ator φˆ = aˆ+ aˆ†. This method is easy to understand and
straightforward to follow. However, in order to use this
method, we must have a Hamiltonian formulation of the
system, which is not always available. Feynman origi-
nally designed path integral formulation of quantum me-
chanics just to cope with the situation where the system
is derived from the principle of least action and cannot
be described using a Hamiltonian. We also encounter
the same situation while employing CT-QMC to simu-
late models with electron-phonon interactions. Next, we
will show that we can equally well derive the equation of
motion for Green function even with the absence of an
explicit Hamiltonian. The way to circumvent Hamilto-
nian is to use the path integral method, which we will
describe in detail next.
C. Path integral method to derive equation of
motion for Green function: with phonons present
As we can see, the equation of motion for Green’s func-
tion is easy to obtain as long as we have an operator
formulation of the system. We can equivalently derive
the equation of motion using path integral formulation.
For this, we are to employ the Schwinger-Dyson equa-
tion. Schwinger-Dyson equation is not well known in
condensed matter community, and thus we shall give this
equation a brief derivation that should be easy to fol-
low for anyone who is familiar with variational calculus.
First, consider the following infinitesimal translation of
the Grassmann field variables:
c→ c′ = c+ δc, (12)
c¯→ c¯′ = c¯+ δc¯,
By definition, the following quantity should be invariant before and after the field translation:∫
D[c¯, c]D[a¯, a]c¯(τ)e−S[c¯,c;a¯,a] =
∫
D[c¯′, c′]D[a¯, a]c¯′(τ)e−S[c¯
′,c′;a¯,a] (13)
However, the action S does change under this translation. In the notation of the translated field variables, the action
4is
S[c¯′, c′; a¯, a] = S[c¯, c; a¯, a] (14)
+
∫ β
0
dτ
(
δc¯(∂τ + ǫ)c+ c¯(∂τ + ǫ)δc+ gδc¯c(a+ a¯) + gc¯δc(a+ a¯)
)
=: S[c¯, c; a¯, a] + δS
Taking advantage of the fact that D[c¯, c] = D[c¯′, c′] since the Jacobian determinant for translation is unity, we can
express Eq. [13] equivalently as∫
D[c¯, c]D[a¯, a]c¯(τ)e−S[c¯,c;a¯,a] =
∫
D[c¯, c]D[a¯, a](c¯(τ) + δc¯(τ))e−S[c¯,c;a¯,a]−δS (15)
=
∫
D[c¯, c]D[a¯, a](c¯(τ) + δc¯(τ))e−S(1− δS)
=
∫
D[c¯, c]D[a¯, a]c¯(τ)e−S[c¯,c;a¯,a] +
∫
D[c¯, c]D[a¯, a]e−S(δc¯(τ) − c¯(τ)δS)
After cancellation of equal terms in the above equation, we finally arrive at the Schwinger-Dyson equation:
0 =
∫
D[c¯, c]D[a¯, a]e−S(δc¯(τ) − c¯(τ)δS) (16)
This equation should hold for any field variations δc, δc¯. In order to get the equation of motion for Green function,
we set δc = 0, and the integrand in the above equation simplifies into this form:
δc¯(τ) − c¯(τ)δS (17)
= δc¯(τ) − c¯(τ)
∫ β
0
dτ ′(δc¯(∂τ ′ + ǫ)c+ gδc¯c(a+ a¯))
=
∫ β
0
dτ ′
(
δ(τ ′ − τ)δc¯(τ ′)− δc¯(τ ′)(∂τ ′ + ǫ)c(τ
′)c¯(τ) − gδc¯(τ ′)c(τ ′)(a+ a¯)c¯(τ)
)
Plug this back into Equ. [16], we have
∫ β
0
dτ ′
[
δ(τ − τ ′)− (∂τ ′ + ǫ)
1
Z
∫
D[c¯, c]D[a¯, a]e−Sc(τ ′)c¯(τ) (18)
− g
1
Z
∫
D[c¯, c]D[a¯, a]e−Sc(τ ′)φ(τ ′)c¯(τ)
]
δc¯(τ ′) = 0
Since this equation holds for any δc¯, we thus, from the definition of Green function in path integral formulation, have
(∂τ ′ + ǫ)G(τ
′, τ)− g〈T cˆ(τ ′)φˆ(τ ′)cˆ†(τ)〉 = −δ(τ − τ ′) (19)
This is identical to the equation of motion that was derived using operator notation.
D. Path integral method to derive equation of
motion for Green function: with phonons integrated
out
The advantage of Schwinger-Dyson equation method
for derivation of equation of motion for Green function
is that it applies to any system that admits a path in-
tegral formulation. Following Feynman, we can reformu-
late a large family of classical Hamiltonian systems into
its quantum counterpart using path integrals, however,
as Feynman noted in his thesis, there are systems that
can only be represented using classical action for which
no Hamiltonian expression can be found. In this case, the
Schwinger-Dyson equation is the only method available
for the derivation of equation of motion. One such case
when the system can only be represented in path integrals
is the Holstein model with phonons integrated out. This
is the standard approach to simulate electron-phonon in-
teractions using quantum Monte Carlo. In order to study
the thermodynamical properties of the system, we need
to known the model’s entropy and free energy, and the
numerical computation of these two quantities requires
the calculation of energy. One method to derive model’s
energy is to use the equation of motion for Green func-
5tion. Thus, it is an imperative task to know how to
derive the equation of motion for Green function with-
out an explicit presence of Hamiltonian that we usually
take for granted. For our simplified Holstein model, the
action is
S =
∫ β
0
dτ c¯(τ)(∂τ + ǫ)c(τ) + Sφ, (20)
where Sφ is the part of the action that contains phonons:
Sφ =
∫ β
0
dτ
(
a¯(∂τ + ω)a+ gc¯c(a+ a¯)
)
(21)
By integrating out phonons, we can recast the partition
function into this form:
Z =
∫
D[c¯, c]D[a¯, a]e−S (22)
= Zφ
∫
D[c¯, c]e−Seff
Here, Zφ =
(
1 − e−βω
)−1
is the partition function for
bare phonons, and Seff whose explicit form is already
given in Eq. [6] is the effective action obtained by inte-
grating out the phonons. Similarly, define a quantity that
is invariant under the transformation c→ c′ = c+δc, c¯→
c¯′ + δc¯′, that is,
∫
D[c¯, c]e−Seff [c¯,c]c¯(τ) =
∫
D[c¯′, c′]e−Seff [c¯
′,c′]c¯′(τ) (23)
Using the techniques that we employed for the derivation of Eq. [16], we arrive at the Schwinger-Dyson equation for
this model as
0 =
∫
D[c¯, c]e−Seff [c¯,c](−δSeff c¯(τ) + δc¯(τ)) (24)
If we set δc = 0 and notice that D0(τ1 − τ2) = D
0(τ2 − τ1), then we obtain the variation of the action as
δSeff =
∫ β
0
dτδc¯(∂τ + ǫ)c+ g
2
∫ β
0
dτ1
∫ β
0
dτ2δc¯(τ1)c(τ1)D
0(τ1 − τ2)c¯(τ2)c(τ2) (25)
Thus the integrand in Equ. [24] is
δc¯(τ) − δSeff c¯(τ) (26)
=
∫ β
0
dτ ′δc¯(τ ′)
[
δ(τ − τ ′)− (∂τ ′ + ǫ)c(τ
′)c¯(τ)− g2c(τ ′)c¯(τ)
∫ β
0
dτ2D
0(τ ′ − τ2)c¯(τ2)c(τ2)
]
We demand that Eq. [24] should hold for any field variation δc¯. From the principles of variational calculus, we obtain
the equation of motion for Green function:
(∂τ ′ + ǫ)G(τ
′, τ) (27)
− g2
1
Z
∫
D[c¯, c]e−Seff
[
c(τ ′)c¯(τ)
∫ β
0
dτ2D
0(τ ′ − τ2)c¯(τ2)c(τ2)
]
= −δ(τ ′ − τ)
The equivalence of Eq. [11], Eq. [19] and Eq. [27] is easy to see. In Eq. [27], if we set τ = 0, τ ′ = 0−, then we have
the expectation value of the interaction energy as
g2
1
Z
∫
D[c¯, c]e−Seff
[
c¯(0)c(0)
∫ β
0
dτ2D
0(τ2)c¯(τ2)c(τ2)
]
(28)
=− (∂τ ′ + ǫ)G(τ
′)
∣∣∣
τ ′=0−
− δ(0−)
=
1
β
∑
iωn
Σ(iωn)G(iωn)e
iωn0
+
Similarly, for Eq. [11] and [19], we can also set τ ′ =
0−, τ = 0 to obtain the electron-phonon interaction en-
ergy as
g〈cˆ†cˆφˆ〉 =
1
β
∑
iωn
Σ(iωn)G(iωn)e
iωn0
+
(29)
6The equivalence of Eq. [28] and Eq. [29] is obvi-
ous. Note that the total energy can be calculated by
adding electronic kinetic energy which is trivial to obtain
to the electron-phonon interaction energy. Thus far, we
have derived the total energy formula via three distinct
methods: the operator method, the path integral method
with phonon present, and the path integral method with
phonons integrated out. All three methods yield identical
result.
In this section, we have demonstrated the applicabil-
ity of Schwinger-Dyson equation method for the deriva-
tion of total energy formula for a toy Holstein model. In
the next section, we will employ Schwinger-Dyson equa-
tion to derive the total energy formula for periodic An-
derson model with electron-phonon interactions following
the procedures that are delineated in this section.
III. SCHWINGER-DYSON METHOD TO
DERIVE EQUATION OF MOTION FOR
PERIODIC ANDERSON MODEL WITH
ELECTRON-PHONON INTERACTIONS
A. Periodic Anderson model with electron-phonon
interactions: A Brief description
Our model Hamiltonian for periodic Anderson model
with electron-phonon interaction is
Hˆ = Hˆ0 + HˆI (30)
Hˆ0 = −t
∑
〈i,j〉,σ
(c†i,σcj,σ + c
†
j,σci,σ) + ǫf
∑
i,σ
f †i,σfi,σ
+ V
∑
i,σ
(c†i,σfi,σ + f
†
i,σci,σ) +
∑
i
ω0aˆ
†
i aˆi
HˆI = U
∑
i
nfi,↑n
f
i,↓ + g
∑
i,σ
(aˆ†i + aˆi)cˆ
†
i,σ cˆi,σ
Here, c†i,σ, ci,σ(f
†
i,σ, fi,σ) creates and destroys a c(f) elec-
tron of spin σ at lattice site i, respectively. aˆi (aˆ
†
i ) is the
annihilation (creation) operator for a phonon located at
lattice site i. U is the Hubbard repulsion between local-
ized f -electrons, and V characterizes the hybridization
between c and f electrons. This Hamiltonian in momen-
tum space is
Hˆ = Hˆ0 + HˆI (31)
Hˆ0 =
∑
k,σ
(
cˆ†kσ fˆ
†
kσ
)
.
(
ǫk V
V ǫf
)
.
(
cˆkσ
fˆkσ
)
+
∑
k
ω0aˆ
†
kaˆk
HˆI =
∑
kqσ
gcˆ†k+q,σ cˆkσφˆq + U
∑
kpq
fˆ †p↑fˆk↑fˆ
†
q↓fˆp+q−k,↓
φˆq = aˆq + aˆ
†
−q
We are going to use the path integral method to integrate
out the phonons and obtain an effective action that de-
scribes the retarded density-density interactions between
electrons. With path integrals, the partition function for
this Hamiltonian can be written as
Z =
∫
D[c¯, c]D[f¯ , f ]D[a¯, a]e−S (32)
Integrating out the phonons, we can factorize the par-
tition function into the form Z = Z0Zeff , with Z0 =
(1 − e−βω)−1, and Zeff =
∫
D[c¯, c]D[f¯ , c]e−Seff . The
effective action is
Seff =
∫ β
0
dτ
∑
k,σ
(
c¯kσ f¯kσ
)
.
(
∂τ + ǫk V
V ∂τ + ǫf
)
.
(
ckσ
fkσ
)
(33)
+
1
2
g2
∑
q
∫ β
0
dτ1
∫ β
0
dτ2
∑
k,σ
c¯k,σ(τ1)ck−q,σ(τ1)D
0(τ1 − τ2)
∑
p,s
c¯p−q,s(τ2)cp,s(τ2)
− U
∫ β
0
dτ
∑
kpq
f¯p↑f¯q↓fk↑fp+q−k,↓
See the appendix for a detailed derivation of the effec-
tive action. With the effective action, we can employ the
Schwinger-Dyson equation to derive the equation of mo-
tion for electron’s Green function, and further calculate
the total energy of the Hamiltonian. Next, we will show
how to derive the equation of motion for Green function.
7B. Equation of motion
Now that we have already obtained the effective action
for our model, we shall begin to derive the equation of
motion for Green function using Schwinger-Dyson equa-
tion method. Consider the variations of field variables,
ck,σ(τ)→ c
′
k,σ(τ) = ck,σ(τ) + δck,σ(τ) (34)
c¯k,σ(τ)→ c¯
′
k,σ(τ) = c¯k,σ(τ) + δc¯k,σ(τ)
fk,σ(τ)→ f
′
k,σ(τ) = fk,σ(τ) + δfk,σ(τ)
f¯k,σ(τ)→ f¯
′
k,σ(τ) = f¯k,σ(τ) + δf¯k,σ(τ)
With this transformation, the effective action becomes Seff [c¯, c; f¯ , f ] → Seff [c¯
′, c′; f¯ ′, f ′] = Seff [c¯, c; f¯ , f ] + δSeff .
Define a quantity that is invariant under this transformation,
∫
D[c¯, c]D[f¯ , f ]e−Seff [c¯,c;f¯ ,f ]
(
c¯k,σ(τ) f¯k,σ(τ)
)
(35)
=
∫
D[c¯′, c′]D[f¯ ′, f ′]e−Seff [c¯
′,c′;f¯ ′,f ′]
(
c¯′k,σ(τ) f¯
′
k,σ(τ
)
=
∫
D[c¯, c]D[f¯ , f ]e−Seff [c¯,c;f¯ ,f ]−δSeff
(
c¯k,σ(τ) + δc¯k,σ(τ) f¯k,σ(τ) + δf¯k,σ(τ)
)
After expanding to first order and cancelling identical terms on both sides, we have
0 =
∫
D[c¯, c]D[f¯ , f ]e−Seff
(
δc¯k,σ(τ)− δSeff c¯k,σ(τ) δf¯k,σ(τ) − δSeff f¯k,σ(τ)
)
(36)
Here, the variation of action is
δSeff =
∫ β
0
dτ
∑
k,σ
(
δc¯kσ δf¯kσ
)
.
(
∂τ + ǫk V
V ∂τ + ǫf
)
.
(
ckσ
fkσ
)
(37)
+
∫ β
0
dτ
∑
k,σ
(
c¯kσ f¯kσ
)
.
(
∂τ + ǫk V
V ∂τ + ǫf
)
.
(
δckσ
δfkσ
)
+
g2
2
∑
q
∑
k,σ
∑
p,s
∫ β
0
dτ1
∫ β
0
dτ2
[
c¯k,σ(τ1)δck−q,σ(τ1)D
0(τ1 − τ2)c¯p−q,s(τ2)cp,s(τ2)
+ δc¯k,σ(τ1)ck−q,σ(τ1)D
0(τ1 − τ2)c¯p−q,s(τ2)cp,s(τ2)
+ c¯k,σ(τ1)ck−q,σ(τ1)D
0(τ1 − τ2)c¯p−q,s(τ2)δcp,s(τ2)
+ c¯k,σ(τ1)ck−q,σ(τ1)D
0(τ1 − τ2)δc¯p−q,s(τ2)cp,s(τ2)
]
− U
∑
pqk
∫ β
0
dτ
[
δf¯p,↑f¯q,↓fk,↑fp+q−k,↓ + f¯p,↑δf¯q,↓fk,↑fp+q−k,↓
+ f¯p,↑f¯q,↓fk,↑δfp+q−k,↓ + f¯p,↑f¯q,↓δfk,↑fp+q−k,↓
]
From Eq. [36], we can obtain two independent equations, which are
∫
D[c¯, c]D[f¯ , f ]e−Seff
[
δc¯k,σ(τ) − δSeff c¯k,σ(τ)
]
= 0 (38)∫
D[c¯, c]D[f¯ , f ]e−Seff
[
δf¯k,σ(τ) − δSeff f¯k,σ(τ)
]
= 0 (39)
8For the first equation, we can set δc = 0, δf = 0, δf¯ = 0 and obtain
δc¯k,σ(τ)− δSeff c¯k,σ(τ) (40)
=
∫ β
0
dτ ′
∑
k′,σ′
δc¯k′,σ′(τ
′)
[
δk,k′δσ,σ′δ(τ − τ
′)−
(
(∂τ ′ + ǫk′)ck′,σ′(τ
′)c¯k,σ(τ) + V fk′,σ′(τ
′)c¯k,σ(τ)
)
− g2
∑
q
∑
p,s
∫ β
0
dτ2
[
ck′−q,σ′ (τ
′)c¯k,σ(τ)D
0(τ ′ − τ2)c¯p,s(τ2)cp+q,s(τ2)
]]
Plug this into the path integral, we have the equation
−
〈
g2
∑
q
∑
p,s
∫ β
0
dτ2
[
ck′−q,σ′(τ
′)c¯k,σ(τ)D
0(τ ′ − τ2)c¯p,s(τ2)cp+q,s(τ2)
]〉
(41)
= −δk,k′δσ,σ′δ(τ
′ − τ) −
[
(∂τ ′ + ǫk′)G
cc
k,σ;k′,σ′(τ
′ − τ) + V Gfck,σ;k′,σ′(τ
′ − τ)
]
For the second equation, we can set δf = 0, δc = 0, δc¯ = 0, and then we have
δf¯k,σ(τ) − δSeff f¯k,σ(τ) (42)
=
∑
k′,σ′
∫ β
0
dτ ′δf¯k′,σ′(τ
′)
[
δk,k′δσ,σ′δ(τ − τ
′)−
(
V ck′,σ′(τ
′)f¯k,σ(τ) + (∂τ ′ + ǫf)fk′,σ′(τ
′)f¯k,σ(τ)
)
+ U
∑
pq
(
δσ′,↑f¯k,σ(τ)f¯q,↓fp,↑fk′+q−p,↓ + δσ′,↓f¯p,↑f¯k,σ(τ)fq,↑fp+k′−q,↓
)]
Plug this into the path integral, we have〈
U
∑
pq
(
δσ′,↑f¯k,σ(τ)f¯q,↓fp,↑fk′+q−p,↓ + δσ′,↓f¯p,↑f¯k,σ(τ)fq,↑fp+k′−q,↓
)〉
(43)
= −δk,k′δσ,σ′δ(τ
′ − τ) −
[
V Gcfk,σ;k′,σ′(τ
′ − τ) + (∂τ ′ + ǫf )G
ff
k,σ;k′,σ′(τ
′ − τ)
]
Combining Eq. [41] and [43] together, we have this matrix equation (φ and ψ are just padding elements for the matrix
equation, and their explicit forms are of no concern to us):(
Egk,σ;k′,σ′(τ
′, τ) φ
ψ EUk,σ;k′,σ′(τ
′, τ)
)
(44)
=
(
−δk,k′δσ,σ′δ(τ
′ − τ) 0
0 −δk,k′δσ,σ′δ(τ
′ − τ)
)
−
(
∂τ ′ + ǫk′ V
V ∂τ ′ + ǫf
)(
Gcck,σ;k′,σ′(τ
′ − τ) Gcfk,σ;k′,σ′(τ
′ − τ)
Gfck,σ;k′,σ′(τ
′ − τ) Gffk,σ;k′,σ′(τ
′ − τ)
)
Here, in the above equation, we have defined two quantities
Egk,σ;k′,σ′(τ
′, τ) = −
〈
g2
∑
q
∑
p,s
∫ β
0
dτ2
[
ck′−q,σ′(τ
′)c¯k,σ(τ)D
0(τ ′ − τ2)c¯p,s(τ2)cp+q,s(τ2)
]〉
EUk,σ;k′,σ′(τ
′, τ) =
〈
U
∑
pq
(
δσ′,↑f¯k,σ(τ)f¯q,↓fp,↑fk′+q−p,↓ + δσ′,↓f¯p,↑f¯k,σ(τ)fq,↑fp+k′−q,↓
)〉
If we set k = k′, σ = σ′, τ = 0, τ ′ = 0− in Equation [44], then we have(
Egk,σ φ
ψ EUk,σ
)
=
1
β
∑
iωn
Σk,σ(iωn)Gk,σ(iωn)e
iωn0
+
(45)
Therefore, the total interaction energy is
EV =
∑
k,σ
Tr
(
Egk,σ φ
ψ EUk,σ
)
(46)
=
1
β
∑
iωn
∑
k,σ
Tr
(
Σk,σ(iωn)Gk,σ(iωn)
)
eiωn0
+
9The kinetic energy is trivial to calculate, which is
EK =
1
β
Tr
∑
k,σ,iωn
(
ǫk V
V ǫf
)(
Gcck,σ(iωn) G
cf
k,σ(iωn)
Gfck,σ(iωn) G
ff
k,σ(iωn)
)
eiωn0
+
(47)
Combination of the kinetic energy and the interaction
energy gives us the total energy of the system.
IV. CONCLUSION
In this paper, we have demonstrated how to derive the
Green function’s equation of motion without resort to an
explicit Hamiltonian. The equation of motion for Green
function is straightforward to get when we have Hamil-
tonian formulation of the system. However, Hamiltonian
formulation of a system is not always available. One such
case where we are bereft of an explicit Hamiltonian for-
mulation is when we integrate out phonons to obtain a
retarded electron-electron interaction in Holstein model
or its generalizations. We have shown that for a sim-
plified toy Holstein model, Green function’s equation of
motion can be derived via three distinct yet equivalent
methods, one of which is to integrate out the phonons and
use Schwinger-Dyson equation method. We further show
that for periodic Anderson model with electron-phonon
interactions, we can equally well derive the equation of
motion via Schwinger-Dyson equation method. Our ul-
timate goal is to calculate the total energy of the sys-
tem, a goal that can be accomplished with some mathe-
matical manipulations once we have already obtained the
equation of motion for electronics Green functions. We
showed that the well known formula for calculating the
total energy of a system is still applicable here, although
for our case that formula should be derived through the
Schwinger-Dyson equation method.
Appendix A: Integrate out phonons in periodic
Anderson model with electron-phonon interaction
In this appendix, we will show how to integrate out
the phonons in Periodic Anderson model with electron-
phonon interactions. Once the phonons are integrated
out, we are left with an effective action that only involves
the electrons. In the new effective action, electrons ex-
perience a retarded attractive potential. We can inter-
pret this as one electron is attracting another electron by
emitting or absorbing a virtual phonon. The advantage
of integrating out phonons is that we are left with an
effective system that involves only electrons, an effective
system that can be conveniently simulated using the con-
tinuous time quantum Monte Carlo (CT-QMC) method.
We have been using CT-QMC to simulate the effective
system that results from integrating out phonons, and it
is the study of this system that motivates us to develop
the Schwinger-Dyson equation method to derive the total
energy formula as shown in this paper.
The partition function for our original Hamiltonian is
Z =
∫
D[c¯, c]D[f¯ , f ]D[a¯, a]e−S (A1)
Here, S is the action which is
S =
∫ β
0
dτ
∑
k,σ
(
c¯kσ f¯kσ
)
.
(
∂τ + ǫk V
V ∂τ + ǫf
)
.
(
ckσ
fkσ
)
(A2)
+
∫ β
0
dτ
∑
k
a¯k(∂τ + ω0)ak +
∫ β
0
dτ
∑
kqσ
gc¯k+q,σckσ(aq + a¯−q)
− U
∫ β
0
dτ
∑
kpq
f¯p↑f¯q↓fk↑fp+q−k,↓
The phononic contribution to the action is
Sφ =
∫ β
0
dτ
∑
k
a¯k(∂τ + ω0)ak +
∫ β
0
dτ
∑
kqσ
gc¯k+q,σckσ(aq + a¯−q) (A3)
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Integration with respect to phonons yields
Zeff =
∫
D[a¯, a]e−Sφ (A4)
= Z0 exp
(
−
∑
q,m
J¯q,m
1
iνm − ω0
Jq,m
)
Here, the partition function for bare phonons is
Z0 =
∏
q
1
1− e−βω0
, (A5)
and the current Jq,m is defined as
Jq,m = β
−1/2g
∑
k,σ
∑
iωn
c¯k−q,σ(iωn − iνm)ck,σ(iωn) (A6)
= gβ−1/2
∫ β
0
dτeiνmτ
∑
k,σ
c¯k−q,σ(τ)ck,σ(τ)
Its conjugate is
J¯q,m = gβ
−1/2
∫ β
0
dτe−iνmτ
∑
kσ
c¯kσ(τ)ck−q(τ) (A7)
After integrating out the phonons, we have an effective action which is
Sφeff =
∑
q,m
J¯q,m
1
iνm − ω0
Jq,m (A8)
An important property of Jq,m is that J−q,−m = J¯q,m. Thus, the effective action can be rewritten as
Sφeff =
1
2
∑
q,m
J¯q,m
−2ω0
ω20 − (iνm)
2
Jq,m (A9)
Fourier transforming back to τ space, we have
Sφeff =
1
2
g2
∑
q
∫ β
0
dτ1
∫ β
0
dτ2
∑
k,σ
c¯k,σ(τ1)ck−q,σ(τ1)D
0(τ1 − τ2)
∑
p,s
c¯p−q,s(τ2)cp,s(τ2) (A10)
Here, we have introduced the bare phonon propagator in the effective action,
D0(τ1 − τ2) =
1
β
∑
iνm
2ω0
(iνm)2 − ω20
e−iνm(τ1−τ2) (A11)
= −
1
1− e−βω0
(e−ω0|τ1−τ2| + e−(β−|τ1−τ2|)ω0)
The effective action Sφeff represents the time-retarded density-density interaction between two c electrons mediated
by the exchange of a virtual phonon. This interaction differs from the instantaneous Hubbard interaction not only
in that it is time-retarded, but also in that the spins of the two electrons do not have to be opposite, as required for
on-site Hubbard interactions.
With this observation, the original partition function can be recast into the form
Z = ZBare phonons
∫
D[c¯, c]D[f¯ , f ]e−Seff , (A12)
where, the effective action is
Seff =
∫ β
0
dτ
∑
k,σ
(
c¯kσ f¯kσ
)
.
(
∂τ + ǫk V
V ∂τ + ǫf
)
.
(
ckσ
fkσ
)
(A13)
+
1
2
g2
∑
q
∫ β
0
dτ1
∫ β
0
dτ2
∑
k,σ
c¯k,σ(τ1)ck−q,σ(τ1)D
0(τ1 − τ2)
∑
p,s
c¯p−q,s(τ2)cp,s(τ2)
− U
∫ β
0
dτ
∑
kpq
f¯p↑f¯q↓fk↑fp+q−k,↓
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In our Monte Carlo simulation, we start with the effec-
tive action, and obtain Green functions and self-energies
for retarded conduction electrons and instantaneous f
electrons. Now that we are bereft of a Hamiltonian for-
mulation of the system, we cannot directly use the for-
mula EV =
1
β
∑
k,σ,iωn
Σk,σ(iωn)Gk,σ(iωn) which is de-
rived based on the assumption that the system can be
described by a Hamiltonian. Here, we propose an alter-
native method to derive the total energy with the effec-
tive action as our starting point. The derivation of the
total energy demands the knowledge of the equation of
motion for the Green functions. Schwinger-Dyson equa-
tion was originally designed to obtain the equation of
motion for the Green function based on the path integral
principle, and thus can be readily used here to derive the
total energy for our system. In the next section, we will
give a brief review of the Schwinger-Dyson equation.
[1] Peng Zhang, Peter Reis, Ka-Ming Tam, Mark Jarrell,
Juana Moreno, Fakher Assaad, and A. K. McMahan. Pe-
riodic anderson model with electron-phonon correlated
conduction band. Phys. Rev. B, 87:121102, Mar 2013.
[2] Enzhi Li, Shuxiang Yang, Peng Zhang, Ka-Ming Tam,
Mark Jarrell, and Juana Moreno. Periodic anderson
model with holstein phonons for the description of the
cerium volume collapse. Phys. Rev. B, 99:155147, Apr
2019.
[3] K. Mikelsons, E. Khatami, D. Galanakis, A. Macridin,
J. Moreno, and M. Jarrell. Thermodynamics of the quan-
tum critical point at finite doping in the two-dimensional
hubbard model studied via the dynamical cluster approx-
imation. Phys. Rev. B, 80:140505, Oct 2009.
[4] Alexander L Fetter and John Dirk Walecka. Quantum
theory of many-particle systems. Dover, 2003.
[5] Richard Phillips Feynman and Laurie M Brown. Feyn-
man’s thesis: a new approach to quantum theory. World
Scientific, 2005.
[6] F. F. Assaad and T. C. Lang. Diagrammatic determinan-
tal quantum monte carlo methods: Projective schemes
and applications to the hubbard-holstein model. Phys.
Rev. B, 76:035116, Jul 2007.
[7] Friedrich Krien, Erik G. C. P. van Loon, Hartmut Hafer-
mann, Junya Otsuki, Mikhail I. Katsnelson, and Alexan-
der I. Lichtenstein. Conservation in two-particle self-
consistent extensions of dynamical mean-field theory.
Phys. Rev. B, 96:075155, Aug 2017.
[8] R. P. Feynman. Space-time approach to non-relativistic
quantum mechanics. Rev. Mod. Phys., 20:367–387, Apr
1948.
[9] RP Feynman and AR Hibbs. Quantum Mechanics and
Path Integrals (McGraw-Hill, New York). 1965.
[10] Julian Schwinger. On the green?s functions of quantized
fields. i. Proceedings of the National Academy of Sciences,
37(7):452–455, 1951.
[11] Michael E Peskin. An introduction to quantum field the-
ory. CRC Press, 2018.
[12] Piers Coleman. Introduction to many-body physics. Cam-
bridge University Press, 2015.
